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Àííîòàöèÿ
Ñîëèòîí è÷÷è íà ãëàäêîì ìíîãîîáðàçèè M ïðåäñòàâëÿåò ñîáîé òðîéêó (g0, ξ, λ) , ãäå
g0  ïîëíàÿ ðèìàíîâà ìåòðèêà, ξ  âåêòîðíîå ïîëå, à λ  êîíñòàíòà òàêèå, ÷òî òåíçîð è÷-
÷è Ric0 ìåòðèêè g0 óäîâëåòâîðÿåò óðàâíåíèþ −2Ric0 = Lξg0 + 2λg0 . Â ñòàòüå ãåîìåòðèÿ
ñîëèòîíîâ è÷÷è èçó÷àåòñÿ â çàâèñèìîñòè îò ñâîéñòâ âåêòîðíîãî ïîëÿ ξ . Â ÷àñòíîñòè,
äîêàçàíî, ÷òî ýòî âåêòîðíîå ïîëå ÿâëÿåòñÿ ãàðìîíè÷åñêèì ïðåîáðàçîâàíèåì.
Êëþ÷åâûå ñëîâà: ðèìàíîâî ìíîãîîáðàçèå, èíèíèòåçèìàëüíîå ãàðìîíè÷åñêîå ïðå-
îáðàçîâàíèå, ñîëèòîí è÷÷è.
1. Ëàïëàñèàí ßíî
1.1. Ïóñòü (M, g)  ðèìàíîâî ìíîãîîáðàçèå ðàçìåðíîñòè n ≥ 2 ñî ñâÿçíîñòüþ
Ëåâè ×èâèòà ∇ , ΛpM = Λp(T ∗M) è SpM = Sp(T ∗M)  âåêòîðíûå ðàññëîåíèÿ
äèåðåíöèàëüíûõ p-îðì è êîâàðèàíòíûõ ñèììåòðè÷åñêèõ p-òåíçîðîâ (p ≥ 1)
íà M .
Ñ ïîìîùüþ ðèìàíîâîé ìåòðèêè g â ñëîÿõ òåíçîðíûõ ðàññëîåíèé ΛpM è SpM
èíäóöèðóåòñÿ ðèìàíîâà ñòðóêòóðà, à â ñëó÷àå êîìïàêòíîñòè ìíîãîîáðàçèÿ M çà-
äàåòñÿ ãëîáàëüíîå ñêàëÿðíîå ïðîèçâåäåíèå îðìóëîé
〈ω, θ〉 =
∫
M
1
p!
g(ω, θ) dv
äëÿ ïðîèçâîëüíûõ ñå÷åíèé ω, θ ∈ C∞ΛpM è ñîîòâåòñòâåííî ω, θ ∈ C∞SpM è
êàíîíè÷åñêîé îðìû îáúåìà dv ìíîãîîáðàçèÿ (M, g) .
Êàæäûé äèåðåíöèàëüíûé îïåðàòîð D , äåéñòâóþùèé ìåæäó ïðîñòðàíñòâà-
ìè ñå÷åíèé òåíçîðíûõ ðàññëîåíèé íà ìíîãîîáðàçèè (M, g) , îáëàäàåò êàíîíè÷åñêèì
îðìàëüíî ñîïðÿæåííûì îïåðàòîðîì D∗, êîòîðûé (ñì. [1, ñ. 626℄) îïðåäåëÿåòñÿ ðà-
âåíñòâîì 〈D·, ·〉 = 〈·, D∗·〉 . Õîðîøî èçâåñòíî (ñì. [2, ñ. 166167℄), ÷òî äëÿ âíåøíåãî
äèåðåíöèðîâàíèÿ d : C∞ΛpM → C∞Λp+1M îðìàëüíî ñîïðÿæåííûì îïåðà-
òîðîì ñëóæèò îïåðàòîð êîäèåðåíöèðîâàíèÿ δ : C∞Λp+1M → C∞ΛpM , èëè, ïî
äðóãîé òåðìèíîëîãèè, äèâåðãåíöèÿ. Íà áàçå îïåðàòîðîâ d è δ ñòðîèòñÿ èçâåñòíûé
ñàìîñîïðÿæåííûé ëàïëàñèàí Õîäæà  äå àìà ∆ = dδ + δd : C∞ΛpM → C∞ΛpM .
Ïðè ýòîì èìååò ìåñòî îðòîãîíàëüíîå îòíîñèòåëüíî ãëîáàëüíîãî ñêàëÿðíîãî ïðî-
èçâåäåíèÿ ðàçëîæåíèå Õîäæà C∞ΛpM = ∆(C∞ΛpM)⊕Ker∆(C∞ΛpM) , ãäå âòîðàÿ
êîìïîíåíòà Ker∆ ðàçëîæåíèÿ ïðåäñòàâëÿåò ñîáîþ êîíå÷íîìåðíîå âåêòîðíîå ïðî-
ñòðàíñòâî ãàðìîíè÷åñêèõ p-îðì (ñì. [2, ñ. 206℄).
1.2. Äëÿ àíàëîãè÷íîãî d äèåðåíöèàëüíîãî îïåðàòîðà δ∗ : C∞SpM →
→ C∞Sp+1M , ïðåäñòàâëÿþùåãî ñîáîþ êîìïîçèöèþ îïåðàòîðà êîâàðèàíòíîãî äè-
åðåíöèðîâàíèÿ ∇ : C∞SpM → C∞(T ∗M ⊗ SpM) ñ àëãåáðàè÷åñêèì îïåðàòîðîì
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ñèììåòðèçàöèè Sp+1 : C∞(T ∗M ⊗ SpM) → C∞Sp+1M , îðìàëüíî ñîïðÿæåííûì
îïåðàòîðîì áóäåò îïåðàòîð δ : C∞Sp+1M → C∞SpM , íàçûâàåìûé äèâåðãåíöèåé
(ñì. [1, ñ. 5455, 626℄).
àññìîòðèì äèåðåíöèàëüíûé îïåðàòîð  : C∞SpM → C∞SpM òàêîé, ÷òî
 = δδ∗ − δ∗δ . Íåïîñðåäñòâåííî ïðîâåðÿåòñÿ, ÷òî
〈ω, θ〉 = 〈δδ∗ω, θ〉 − 〈δ∗δω, θ〉 = 〈δ∗ω, δ∗θ〉 − 〈δω, δω〉 =
= 〈ω, δδ∗θ〉 − 〈ω, δ∗δθ〉 = 〈ω,θ〉,
ñëåäîâàòåëüíî,   ñàìîñîïðÿæåííûé îïåðàòîð. Ñ÷èòàÿ äàëåå, ÷òî ϑ ∈ T ∗xM−{0} ,
à ωx ∈ S
p
xM = S
p(T ∗xM) , íàéäåì ñèìâîë σ() äèåðåíöèàëüíîãî îïåðàòîðà 
(ñì. [1, ñ. 627628; 3, ñ. 64, 79, 87℄). Èìååì (ñì. [4℄)
σ()(ϑ, x)ωx = −ϑ
♯
x(ϑ ◦ ωx) + ϑ ◦ (ϑ
♯
xωx) = −g(ϑ, ϑ)ωx
äëÿ òåíçîðíîãî ñèììåòðè÷åñêîãî óìíîæåíèÿ ◦ , âíóòðåííåãî ïðîèçâåäåíèÿ x è èçî-
ìîðèçìà ♯ : T ∗M → TM , ñîîòâåòñòâóþùåãî ïîäíÿòèþ èíäåêñà. Ïðîèçâåäåííûå
âû÷èñëåíèÿ ïîçâîëÿþò ñäåëàòü âûâîä, ÷òî îïåðàòîð  ÿâëÿåòñÿ ëàïëàñèàíîì, è,
ñëåäîâàòåëüíî, åãî ÿäðî Ker ÿâëÿåòñÿ êîíå÷íîìåðíûì âåêòîðíûì ïðîñòðàíñòâîì
(ñì. [1, ñ. 77, 631632; 3, ñ. 178℄). Òîãäà â ñîîòâåòñòâèè ñ îáùåé òåîðèåé (ñì. [1, ñ. 632
633℄) íà êîìïàêòíîì ðèìàíîâîì ìíîãîîáðàçèè (M, g) èìååò ìåñòî ñëåäóþùåå îð-
òîãîíàëüíîå îòíîñèòåëüíî ãëîáàëüíîãî ñêàëÿðíîãî ïðîèçâåäåíèÿ ðàçëîæåíèå
C∞SpM = (C∞SpM)⊕Ker(C∞SpM), (1.1)
êîòîðîå àíàëîãè÷íî ðàçëîæåíèþ Õîäæà.
1.3. àññìîòðèì äåéñòâèå  : C∞T ∗M → C∞T ∗M . Äëÿ ýòîãî â ëîêàëüíîé
ñèñòåìå êîîðäèíàò x1, x2, . . . , xn ïðîèçâîëüíîé êàðòû (U, φ) U ìíîãîîáðàçèÿ M
ïîëàãàåì ω = ωkdx
k
, òîãäà
ωk = (δδ
∗ − δ∗δ)ωk = −g
ij∇i(∇jωk +∇kωj)−∇k(−g
ij∇iωj) =
= −gij(∇i∇jωk +Rkiωj) = ∆ωk − 2g
ijRkiωj ,
ãäå ∇i  êîâàðèàíòíîå äèåðåíöèðîâàíèå â íàïðàâëåíèè âåêòîðíîãî ïîëÿ Xk =
= ∂/∂xk , gij  ëîêàëüíûå êîíòðàâàðèàíòíûå êîìïîíåíòû ìåòðè÷åñêîãî òåíçîðà g ,
Rij  ëîêàëüíûå êîìïîíåíòû òåíçîðà è÷÷è Ric ìíîãîîáðàçèÿ (M, g) è, íàêîíåö,
∆ωk = (dδ+δd)ωk = −g
ij∇i∇jωk+g
ijRikωj  ëîêàëüíîå ïðåäñòàâëåíèå ëàïëàñèàíà
Õîäæà  äå àìà (ñì. [5, ñ. 63℄).
Åñëè ââåñòè â ðàññìîòðåíèå âåêòîðíîå ïîëå ξ = ω♯ , òî ξ = ∆ξ − 2Ric∗ξ .
Èìåííî â òàêîì âèäå îïåðàòîð  áûë ââåäåí Ê. ßíî (ñì. [6, ñ. 40℄) äëÿ èçó÷åíèÿ
êèëëèíãîâûõ è ãàðìîíè÷åñêèõ âåêòîðíûõ ïîëåé. Íà ýòîì îñíîâàíèè äëÿ ëþáîãî
p ≥ 1 îïåðàòîð  = δδ∗ − δ∗δ íàçîâåì ëàïëàñèàíîì ßíî.
2. Èíèíèòåçèìàëüíûå ãàðìîíè÷åñêèå ïðåîáðàçîâàíèÿ
è ñîëèòîíû è÷÷è
2.1. Ïðîèçâîëüíîå âåêòîðíîå ïîëå ξ ∈ C∞TM ïîðîæäàåò â îêðåñòíîñòè U
êàæäîé òî÷êè ðèìàíîâà ìíîãîîáðàçèÿ (M, g) ëîêàëüíóþ 1-ïàðàìåòðè÷åñêóþ ãðóï-
ïó èíèíèòåçèìàëüíûõ ïðåîáðàçîâàíèé ϕt(x) = x
k = xk + tξk äëÿ ëîêàëüíîé ñè-
ñòåìû êîîðäèíàò x1, x2, . . . , xn â îêðåñòíîñòè U , ïàðàìåòðà t ∈ (−ε,+ε) ⊂ R è
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ξ = ξk∂k (ñì. [7, ñ. 2123; 8, ñ. 3941℄). Ïîýòîìó âåêòîðíîå ïîëå ξ íàçûâàþò åùå
èíèíèòåçèìàëüíûì ïðåîáðàçîâàíèåì â ìíîãîîáðàçèè (M, g) . Ïðè ýòîì ñèìâîëû
Êðèñòîåëÿ Γkij ñâÿçíîñòè Ëåâè ×èâèòà ∇ â ðåçóëüòàòå èíèíèòåçèìàëüíîãî
ïðåîáðàçîâàíèÿ ïðåäñòàíóò â ñëåäóþùåì âèäå
Γ
k
ij = Γ
k
ij + t(∇i∇jξ
k −Rkijlξ
l) (2.1)
äëÿ êîìïîíåíò Rkijl òåíçîðà êðèâèçíû R ñâÿçíîñòè ∇ (ñì. [7, ñ. 37; 8, ñ. 40, 41℄).
Åñëè ëîêàëüíàÿ îäíîïàðàìåòðè÷åñêàÿ ãðóïïà èíèíèòåçèìàëüíûõ ïðåîáðàçî-
âàíèé, ïîðîæäåííàÿ ïîëåì ξ â îêðåñòíîñòè êàæäîé òî÷êè ðèìàíîâà ìíîãîîáðàçèÿ
(M, g) , ñîñòîèò èç èíèíèòåçèìàëüíûõ ãàðìîíè÷åñêèõ ïðåîáðàçîâàíèé, âåêòîðíîå
ïîëå ξ íàçîâåì èíèíèòåçèìàëüíûì ãàðìîíè÷åñêèì ïðåîáðàçîâàíèåì ðèìàíîâà
ìíîãîîáðàçèÿ (ñì. [9℄).
Äîêàçàíî (ñì. [9℄), ÷òî äèåîìîðèçì ϕ : (M, g) −→ (M, g) ÿâëÿåòñÿ ãàðìîíè-
÷åñêèì îòîáðàæåíèåì òîãäà è òîëüêî òîãäà, êîãäà òåíçîð äåîðìàöèè T = ∇−∇
ïîä÷èíÿåòñÿ óñëîâèþ tracegT = 0 . Â ñîîòâåòñòâèè ñ ýòèì íà îñíîâàíèè ðàâåíñòâ
(2.1) çàêëþ÷àåì, ÷òî îïðåäåëÿþùèìè äëÿ èíèíèòåçèìàëüíîãî ãàðìîíè÷åñêîãî
ïðåîáðàçîâàíèÿ ξ áóäóò ñëóæèòü óðàâíåíèÿ
ξ = ∆ξ − 2Ric∗ξ = 0. (2.2)
Äîêàçàíà (ñì. [3, 9, 10℄)
Òåîðåìà 2.1. Èíèíèòåçèìàëüíûå ãàðìîíè÷åñêèå ïðåîáðàçîâàíèÿ â (M, g) è
òîëüêî îíè ñîñòàâëÿþò ÿäðî ëàïëàñèàíà ßíî.
Òàêèì îáðàçîì, íà êîìïàêòíîì ðèìàíîâîì ìíîãîîáðàçèè (M, g) â ðàçëîæåíèè
C∞T ∗M = (C∞T ∗M)⊕Ker(C∞T ∗M) êîíå÷íîìåðíàÿ êîìïîíåíòà Ker ñîñòî-
èò èç èíèíèòåçèìàëüíûõ ãàðìîíè÷åñêèõ ïðåîáðàçîâàíèé.
Âåêòîðíîå ïîëå ξ íàçûâàåòñÿ èíèíèòåçèìàëüíîé èçîìåòðèåé, åñëè îíî ïî-
ðîæäàåò îäíîïàðàìåòðè÷åñêóþ ëîêàëüíóþ ãðóïïó ëîêàëüíûõ èçîìåòðèé (ñì. [5,
ñ. 60℄). Â ýòîì ñëó÷àå ïî îòíîøåíèþ ê âåêòîðíîìó ïîëþ ξ ïðîèçâîäíàÿ Ëè Lξg = 0 .
Íà êîìïàêòíîì ðèìàíîâîì ìíîãîîáðàçèè (M, g) ïîñëåäíåå óðàâíåíèå ðàâíîñèëüíî
(ñì. [5, ñ. 63℄) ñèñòåìå äèåðåíöèàëüíûõ óðàâíåíèé
ξ = ∆ξ − 2Ric∗ξ = 0, δξ = 0.
Îòñþäà ñëåäóåò, ÷òî êîíå÷íîìåðíîå âåêòîðíîå ïðîñòðàíñòâî èíèíèòåçèìàëüíûõ
ãàðìîíè÷åñêèõ ïðåîáðàçîâàíèé Ker èìååò â êà÷åñòâå ïîäïðîñòðàíñòâà âåêòîðíîå
ïðîñòðàíñòâî èíèíèòåçèìàëüíûõ èçîìåòðèé Ker ∩Ker δ .
Èçâåñòíî (ñì. [7, ñ. 240℄), ÷òî íà êîìïàêòíîì ðèìàíîâîì ìíîãîîáðàçèè (M, g)
èìååò ìåñòî îðòîãîíàëüíîå (îòíîñèòåëüíî ãëîáàëüíîãî ñêàëÿðíîãî ïðîèçâåäåíèÿ)
ðàçëîæåíèå ïðîñòðàíñòâà 1-îðì C∞(T ∗M) = Im d ⊕ Ker δ . À ïîòîìó Ker =
= (Ker ∩Ker δ)⊕ (Ker ∩ Im d) , ãäå ïðîñòðàíñòâî Im d ∩Ker ÿâëÿåòñÿ îðòîãî-
íàëüíûì äîïîëíåíèåì ïðîñòðàíñòâà èíèíèòåçèìàëüíûõ èçîìåòðèé Ker∩Ker δ
äî âñåãî ïðîñòðàíñòâà Ker èíèíèòåçèìàëüíûõ ãàðìîíè÷åñêèõ ïðåîáðàçîâàíèé.
Â èòîãå èìååì ñëåäóþùåå îðòîãîíàëüíîå ðàçëîæåíèå:
C∞(T ∗M) = Im⊕ (Ker ∩Ker δ)⊕ (Ker ∩ Im d),
êîòîðîå ñëóæèò àíàëîãîì ðàçëîæåíèÿ Õîäæà C∞(T ∗M) = Im∆⊕ (Ker d ∩Ker d) .
Çàìå÷àíèå. Ñâîéñòâà è ïðèìåðû èíèíèòåçèìàëüíûõ ãàðìîíè÷åñêèõ ïðåîá-
ðàçîâàíèé áûëè óñòàíîâëåíû íàìè â ñëåäóþùèõ ñòàòüÿõ [4, 9, 10℄. Íèæå ïðèâåäåì
åùå îäèí ïðèìåð èíèíèòåçèìàëüíîãî ãàðìîíè÷åñêîãî ïðåîáðàçîâàíèÿ.
ÈÍÔÈÍÈÒÅÇÈÌÀËÜÍÛÅ ÀÌÎÍÈ×ÅÑÊÈÅ ÏÅÎÁÀÇÎÂÀÍÈß 153
2.2. Íà n-ìåðíîì ãëàäêîì ìíîãîîáðàçèè M ñåìåéñòâî ðèìàíîâûõ ìåòðèê
gt = g(t) , îïðåäåëåííûõ íà âðåìåííîì èíòåðâàëå J ⊂ R , âêëþ÷àþùåì 0, íàçû-
âàåòñÿ ïîòîêîì è÷÷è (ñì. [11, ñ. 21; 12, ñ. 98℄), åñëè âûïîëíÿþòñÿ óðàâíåíèÿ
àìèëüòîíà ïîòîêà è÷÷è
∂g
∂t
= −2Ric0 äëÿ g0 = g(0) è òåíçîðà è÷÷è Ric0
ìåòðèêè g0 .
Ñ ñàìîïîäîáíûì ðåøåíèåì ýòèõ óðàâíåíèé íà ìíîãîîáðàçèè M ðàçìåðíîñòè
n ≥ 2 ñâÿçàíî ïîíÿòèå ñîëèòîíà è÷÷è (ñì. [11, ñ. 2223℄) êàê òðèïëåòà (g0, ξ, λ)
äëÿ ìåòðèêè g0 , âåêòîðíîãî ïîëÿ ξ è ïîñòîÿííîé λ , ñâÿçàííûõ óðàâíåíèåì
−2Ric0 = Lξg0 + 2λg0, (2.3)
ãäå Ric0  òåíçîð è÷÷è ìåòðèêè g0 è Lξg0 = δ
∗ω  ïðîèçâîäíàÿ Ëè ìåòðè÷åñêîãî
òåíçîðà g0 ïî îòíîøåíèþ ê ξ = ω
♯
. Ïðè λ = 0 , λ < 0 è λ > 0 ñîëèòîí è÷-
÷è íàçûâàåòñÿ óñòîé÷èâûì, ñòÿãèâàþùèìñÿ è ðàñòÿãèâàþùèìñÿ ñîîòâåòñòâåííî.
Ñîëèòîí è÷÷è (g0, ξ, λ) íàçûâàåòñÿ ãðàäèåíòíûì (ñì. [11, ñ. 22; 12, ñ. 154℄), åñëè
1-îðìà ω ÿâëÿåòñÿ ãðàäèåíòîì íåêîòîðîé óíêöèè f ∈ C∞M . Ôóíêöèÿ f íàçû-
âàåòñÿ ïîòåíöèàëîì ñîëèòîíà è÷÷è. Â ñëó÷àå, êîãäà δ∗ω = 0 , ñîëèòîí íàçûâàåòñÿ
ýéíøòåéíîâûì, è â ÷àñòíîñòè, êîãäà ω = 0 , ñîëèòîí íàçûâàåòñÿ òðèâèàëüíûì.
Èç óðàâíåíèÿ (2.3) âûòåêàåò, ÷òî δ∗ω = −2(Ric + 2λg) , è, ñëåäîâàòåëüíî, δω =
= s+ nλ , ïîýòîìó ω = (δδ∗ − δ∗δ)ω = −δ(2Ric)− ds = 0 . Äîêàçàíà (ñì. [13℄)
Òåîðåìà 2.2. Íà n-ìåðíîì (n ≥ 2) ìíîãîîáðàçèè M âåêòîðíîå ïîëå ξ ñî-
ëèòîíà è÷÷è (g0, ξ, λ) ÿâëÿåòñÿ èíèíèòåçèìàëüíûì ãàðìîíè÷åñêèì ïðåîáðà-
çîâàíèåì ðèìàíîâà ìíîãîîáðàçèÿ (M, g0) .
3. Èíèíèòåçèìàëüíûå ãàðìîíè÷åñêèå ïðåîáðàçîâàíèÿ è ñîëèòîíû
è÷÷è íà êîìïàêòíîì ðèìàíîâîì ìíîãîîáðàçèè
3.1. Ïóñòü (M, g)  êîìïàêòíîå ðèìàíîâî ìíîãîîáðàçèå è ξ = ω♯  èíèíè-
òåçèìàëüíîå ãàðìîíè÷åñêîå ïðåîáðàçîâàíèå. Èç ðàâåíñòâà ω = ∆ξ − 2Ric∗ξ = 0
ñëåäóåò, ÷òî
2〈Ric∗ξ, ξ〉 = 〈∆ξ, ξ〉 = 〈dω, dω〉+ 〈δω, δω〉. (3.1)
Èç (3.1) ñ î÷åâèäíîñòüþ âûâîäèòñÿ ñïðàâåäëèâîñòü ñëåäóþùåãî óòâåðæäåíèÿ.
Òåîðåìà 3.1. Êîìïàêòíîå ðèìàíîâî ìíîãîîáðàçèå (M, g) íå äîïóñêàåò îò-
ëè÷íûõ îò íóëÿ èíèíèòåçèìàëüíûõ ãàðìîíè÷åñêèõ ïðåîáðàçîâàíèé, åñëè òåíçîð
è÷÷è ýòîãî ìíîãîîáðàçèÿ íåïîëîæèòåëüíî îïðåäåëåí è õîòÿ áû â îäíîé òî÷êå
ìíîãîîáðàçèÿ îïðåäåëåí ñòðîãî îòðèöàòåëüíî.
Äëÿ ñîëèòîíà è÷÷è (g0, ξ, λ) èç òåîðåìû 3.1 ñëåäóåò, ÷òî Ric0 = −λg0 < 0 , îò-
êóäà âûòåêàåò, ÷òî λ > 0 , è ñîëèòîí, ñëåäîâàòåëüíî, ñòàíîâèòñÿ ðàñòÿãèâàþùèìñÿ
òðèâèàëüíûì. Ïðè ýòîì çàìåòèì, ÷òî íåðàâåíñòâî Ric0(ξ, ξ) < 0 íåñîâìåñòèìî ñ
(3.1). Ñïðàâåäëèâî
Ñëåäñòâèå 3.1. Íà êîìïàêòíîì ìíîãîîáðàçèè M íå ñóùåñòâóåò ñîëèòî-
íà è÷÷è (g0, ξ, λ), äëÿ êîòîðîãî Ric0(ξ, ξ) < 0 . Åñëè æå äëÿ ñîëèòîíà è÷÷è
(g0, ξ, λ) òåíçîð è÷÷è Ric0 ≤ 0 è õîòÿ áû â îäíîé òî÷êå ìíîãîîáðàçèÿ Ric0 < 0 ,
òî òàêîé ñîëèòîí è÷÷è ÿâëÿåòñÿ ðàñòÿãèâàþùèìñÿ òðèâèàëüíûì.
Çàìå÷àíèå. Óñòàíîâëåííûé â ñëåäñòâèè 3.1 àêò ñîãëàñóåòñÿ ñ äîêàçàííîé
ðàíåå òåîðåìîé (ñì. [14℄), ñîãëàñíî êîòîðîé ðàñòÿãèâàþùèéñÿ ñîëèòîí è÷÷è íà
êîìïàêòíîì ìíîãîîáðàçèè ÿâëÿåòñÿ òðèâèàëüíûì.
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Èñïîëüçóÿ ðàçëîæåíèå ïðîñòðàíñòâà èíèíèòåçèìàëüíûõ ãàðìîíè÷åñêèõ ïðå-
îáðàçîâàíèé â îðòîãîíàëüíóþ ñóììó ïîäïðîñòðàíñòâ èíèíèòåçèìàëüíûõ èçî-
ìåòðèé è ãðàäèåíòíûõ èíèíèòåçèìàëüíûõ ãàðìîíè÷åñêèõ ïðåîáðàçîâàíèé (ñì.
ï. 2.1), ìû ìîæåì ñîðìóëèðîâàòü (ñì. òàêæå [14℄)
Ñëåäñòâèå 3.2. Íà êîìïàêòíîì ìíîãîîáðàçèè M êàæäûé ñîëèòîí è÷÷è
(g0, ξ, λ) ÿâëÿåòñÿ ãðàäèåíòíûì.
Äëÿ äàëüíåéøèõ èññëåäîâàíèé âîñïîëüçóåìñÿ èíòåãðàëüíîé îðìóëîé (1.14) èç
ãëàâû 2 ìîíîãðàèè [6℄ âèäà
∫
M
[
g(ω, ω) + n−1(n− 2)g(d δω, ω)− 2−1‖δ∗ω + 2n−1(δω)g‖2
]
dv = 0. (3.2)
äëÿ ïðîèçâîëüíîé 1-îðìû ωǫC∞T ∗M íà êîìïàêòíîì ìíîãîîáðàçèè (M, g) . Äëÿ
èíèíèòåçèìàëüíîãî ãàðìîíè÷åñêîãî ïðåîáðàçîâàíèÿ ξ = ω♯ îðìóëà (3.2) ïðè-
íèìàåò ñëåäóþùèé âèä:
∫
M
[
2(n− 2)g(dδω, ω)− n‖δ∗ω + 2n−1(δω)g‖2
]
dv = 0 (3.3)
Îòìåòèì çäåñü ñïðàâåäëèâîñòü ðàâåíñòâ
g(d δω, ω) = ξ(δω) = −ξ(div ξ) = −Lξ(div ξ).
Íà ýòîì îñíîâàíèè èç (3.3) ïðè óñëîâèè, ÷òî Lξ(div ξ) ≥ 0, âûâîäèòñÿ ñëåäóþùåå
ðàâåíñòâî δ∗ω + 2n−1(δω)g = 0 . Ïðè ýòîì íà êîìïàêòíîì ìíîãîîáðàçèè òðåáîâà-
íèå g(d δω, ω) = −Lξ(div ξ) ≤ 0 îçíà÷àåò div ξ = 0 . Äåéñòâèòåëüíî, èç 〈δω, δω〉 =
= 〈d δω, ω〉 ≤ 0 âûòåêàåò, ÷òî δω = −div ξ = 0 , è òîãäà δ∗ω = Lξg = 0 . Ïîñëåäíåå
óðàâíåíèå ÿâëÿåòñÿ îïðåäåëÿþùèì äëÿ êèëëèíãîâà âåêòîðíîãî ïîëÿ, èëè, ïî äðó-
ãîé òåðìèíîëîãèè, èíèíèòåçèìàëüíîé èçîìåòðèè ðèìàíîâà ìíîãîîáðàçèÿ (ñì.
[5, ñ. 6061℄). Â ñâîþ î÷åðåäü, óñëîâèå δω = −div ξ = 0 íåïîñðåäñòâåííî ñëåäóåò èç
ýòîãî óðàâíåíèÿ. Äîêàçàíà ñëåäóþùàÿ
Òåîðåìà 3.2. Íà êîìïàêòíîì ðèìàíîâîì ìíîãîîáðàçèè (M, g) èíèíèòåçè-
ìàëüíîå ãàðìîíè÷åñêîå ïðåîáðàçîâàíèå ξ , ïîä÷èíÿþùååñÿ óñëîâèþ Lξ(div ξ) ≥ 0 ,
ÿâëÿåòñÿ èíèíèòåçèìàëüíîé èçîìåòðèåé, òî åñòü Lξg = 0 .
Äëÿ ñîëèòîíà è÷÷è (g0, ξ, λ) èìååì d δω = d(s0 +nλ) = ds0 = Lξ(s0) . Ïîýòîìó
ñïðàâåäëèâî
Ñëåäñòâèå 3.3. Åñëè íà êîìïàêòíîì ìíîãîîáðàçèè Ì ñêàëÿðíàÿ êðèâèçíà
s0 ìåòðèêè g0 ñîëèòîíà è÷÷è (g0, ξ, λ) ïîä÷èíÿåòñÿ óñëîâèþ Lξ(s0) ≥ 0 , òî
ñîëèòîí ÿâëÿåòñÿ ýéíøòåéíîâûì.
Çàìå÷àíèå. Äëÿ ñòÿãèâàþùåãîñÿ ñîëèòîíà è÷÷è (g0, ξ, λ) íà êîìïàêòíîì
ìíîãîîáðàçèè M â ðàçìåðíîñòè n = 3 ìíîãîîáðàçèå (M, g0) èçîìåòðè÷íî ñåðå
÷åòûðåõìåðíîãî åâêëèäîâà ïðîñòðàíñòâà, à â ðàçìåðíîñòè n > 3 óñëîâèå ýéíøòåé-
íîâîñòè ñîñòîèò â òðåáîâàíèè îáðàùåíèÿ â íóëü òåíçîðà Âåéëÿ (ñì. [14℄). Â [14℄
áûëà òàêæå îáîçíà÷åíà ïðîáëåìà ïîëó÷åíèÿ äðóãèõ óñëîâèé ýéíøòåéíîâîñòè äëÿ
ñòÿãèâàþùåãîñÿ ñîëèòîíà è÷÷è ïðè óñëîâèè, ÷òî n > 3 . Ñîðìóëèðîâàííîå âûøå
óòâåðæäåíèå ÿâëÿåòñÿ îäíèì èç âîçìîæíûõ îòâåòîâ íà ïîñòàâëåííûé âîïðîñ.
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3.2. àññìîòðèì èíèíèòåçèìàëüíîå ãàðìîíè÷åñêîå ïðåîáðàçîâàíèå ξ íà
äâóìåðíîì êîìïàêòíîì ðèìàíîâîì ìíîãîîáðàçèè (M, g) . Èç îðìóëû (3.2) â ýòîì
ñëó÷àå ñëåäóåò, ÷òî δ∗ω + 2n−1(δω)g = 0 . Ýòî ðàâåíñòâî ÿâëÿåòñÿ îïðåäåëÿþùèì
äëÿ êîíîðìíî êèëëèíãîâà âåêòîðíîãî ïîëÿ, èëè, ïî äðóãîé òåðìèíîëîãèè, èí-
èíèòåçèìàëüíîãî êîíîðìíîãî ïðåîáðàçîâàíèÿ ξ = ω♯ ðèìàíîâà ìíîãîîáðàçèÿ
(M, g) . Îáðàòíî, åñëè ξ = ω♯ ÿâëÿåòñÿ èíèíèòåçèìàëüíûì êîíîðìíûì ïðåîá-
ðàçîâàíèåì, òî ñîãëàñíî îðìóëå (6.3) èç ãëàâû 2 ìîíîãðàèè [6℄, èìåþùåé âèä
ω + n−1(n− 2)d δω = 0 , çàêëþ÷àåì, ÷òî ïðè n = 2 ïîëå ξ ÿâëÿåòñÿ èíèíèòåçè-
ìàëüíûì ãàðìîíè÷åñêèì ïðåîáðàçîâàíèåì. Ñïðàâåäëèâà
Òåîðåìà 3.3. Íà äâóìåðíîì êîìïàêòíîì ðèìàíîâîì ìíîãîîáðàçèè (M, g)
êàæäîå èíèíèòåçèìàëüíîå ãàðìîíè÷åñêîå ïðåîáðàçîâàíèå ÿâëÿåòñÿ èíèíèòå-
çèìàëüíûì êîíîðìíûì ïðåîáðàçîâàíèåì. Âåðíî è îáðàòíîå.
Çàìå÷àíèå. åîìåòðèÿ äâóìåðíîãî êîìïàêòíîãî ìíîãîîáðàçèÿ M ñ ãðàäèåíò-
íûì ñîëèòîíîì è÷÷è (g0, ξ, λ) èçâåñòíà (ñì. [14℄). Òàê, íàïðèìåð, óñòàíîâëåíî,
÷òî äâóìåðíîå êîìïàêòíîå ìíîãîîáðàçèå M ñ ãðàäèåíòíûì ñòÿãèâàþùèìñÿ ñî-
ëèòîíîì è÷÷è (g0, ξ, λ) èçîìåòðè÷íî ñåðå òðåõìåðíîãî åâêëèäîâà ïðîñòðàíñòâà
èëè äâóìåðíîìó âåùåñòâåííîìó ïðîåêòèâíîìó ïðîñòðàíñòâó.
4. Èíèíèòåçèìàëüíûå ãàðìîíè÷åñêèå ïðåîáðàçîâàíèÿ è ñîëèòîíû
è÷÷è íà íåêîìïàêòíîì ðèìàíîâîì ìíîãîîáðàçèè
4.1. Ïóñòü ξ  èíèíèòåçèìàëüíîå ãàðìîíè÷åñêîå ïðåîáðàçîâàíèå â ðèìàíî-
âîì ìíîãîîáðàçèè (M, g) ñ îòðèöàòåëüíûì òåíçîðîì è÷÷è. Ïîëàãàåì f = g(ξ, ξ)/2
óíêöèåé äëèíû èíèíèòåçèìàëüíîãî ãàðìîíè÷åñêîãî ïðåîáðàçîâàíèÿ ξ , òîãäà íà
îñíîâàíèè (2.2) ïîëó÷àåì
∆f = ‖∇ξ‖2 − Ric(ξ, ξ). (4.1)
Åñëè óíêöèÿ f = g(ξ, ξ)/2 èìååò ëîêàëüíûé ìàêñèìóì â òî÷êå x ∈ M , òî
(∆f)x ≤ 0 . Ñ äðóãîé ñòîðîíû, ñîãëàñíî ïðåäïîëîæåíèþ, ∆f > 0 , åñëè ξ 6= 0 .
Ïîýòîìó âåêòîðíîå ïîëå ξ äîëæíî áûòü íóëåâûì â òî÷êå x . Òàê êàê f = g(ξ, ξ)/2
èìååò ëîêàëüíûé ìàêñèìóì â òî÷êå x ∈M (ñì. [5, ñ. 80℄), òî ξ îáðàùàåòñÿ â íóëü
â íåêîòîðîé îêðåñòíîñòè òî÷êè x ∈ M . Íàìè äîêàçàí ëîêàëüíûé âàðèàíò òåîðå-
ìû 3.1, à èìåííî ñïðàâåäëèâà
Òåîðåìà 4.1. Ïóñòü (M, g)  ðèìàíîâî ìíîãîîáðàçèå ñ îòðèöàòåëüíûì òåí-
çîðîì è÷÷è. Åñëè ñóùåñòâóåò òî÷êà x ∈M , â êîòîðîé óíêöèÿ äëèíû èíèíè-
òåçèìàëüíîãî ãàðìîíè÷åñêîãî ïðåîáðàçîâàíèÿ ξ èìååò ëîêàëüíûé ìàêñèìóì, òî
ξ îáðàùàåòñÿ â íóëü â ýòîé òî÷êå x ∈M è íåêîòîðîé åå îêðåñòíîñòè Ux ⊂M .
Óðàâíåíèÿ ñîëèòîíà è÷÷è (g0, ξ, λ) â îêðåñòíîñòè Ux ⊂ M ïðèíèìàþò âèä
Ric0 = −λg0 , ïîýòîìó ñîëèòîí ÿâëÿåòñÿ ðàñòÿãèâàþùèìñÿ òðèâèàëüíûì. Ñïðàâåä-
ëèâî óòâåðæäåíèå, ÿâëÿþùååñÿ àíàëîãîì ñëåäñòâèÿ 3.1
Ñëåäñòâèå 4.1. Ïóñòü (g0, ξ, λ)  ñîëèòîí è÷÷è ñ îòðèöàòåëüíî îïðåäåëåí-
íûì òåíçîðîì è÷÷è Ric0 . Åñëè ñóùåñòâóåò òî÷êà x ∈ M , â êîòîðîé óíêöèÿ
äëèíû âåêòîðíîãî ïîëÿ ξ èìååò ëîêàëüíûé ìàêñèìóì, òî â íåêîòîðîé îêðåñòíî-
ñòè Ux ⊂M ýòîé òî÷êè Ric0 = −λg0 , è ñîëèòîí ñòàíîâèòñÿ ðàñòÿãèâàþùèìñÿ
òðèâèàëüíûì.
Äëÿ óíêöèè f = g(ξ, ξ)/2 äëèíû âåêòîðíîãî ïîëÿ ξ ñîëèòîíà è÷÷è (g0, ξ, λ)
íà îñíîâàíèè óðàâíåíèé (2.3) íàõîäèì: ξ(f) = −Ric0(ξ, ξ) − 2λf . Åñëè ïðåäïîëî-
æèòü, ÷òî óíêöèÿ f èìååò êðèòè÷åñêóþ òî÷êó x ∈ Mn , â êîòîðîé ξx 6= 0 , òî
(df)x = 0 , è, ñëåäîâàòåëüíî, Ric0(ξx, ξx) = −2λf . Â ðåçóëüòàòå áóäåò ñïðàâåäëèâà
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Òåîðåìà 4.2. Åñëè ñóùåñòâóåò êðèòè÷åñêàÿ òî÷êà x ∈M äëÿ óíêöèè f =
= g(ξ, ξ)/2 äëèíû âåêòîðíîãî ïîëÿ ξ ñîëèòîíà è÷÷è (g0, ξ, λ) , â êîòîðîé ξx 6=
6= 0 , òî ñîëèòîí áóäåò ñòÿãèâàþùèìñÿ (ñîîòâåòñòâåííî ðàñòÿãèâàþùèìñÿ èëè
ñòàáèëüíûì) , åñëè â ýòîé òî÷êå Ric0(ξx, ξx) > 0 (ñîîòâåòñòâåííî Ric0(ξx, ξx) <
< 0 èëè Ric0(ξx, ξx) = 0 ) .
4.2. Èç òåîðåìû 3.2 ñëåäóåò, ÷òî íà êîìïàêòíîì ìíîãîîáðàçèè M ñîëèòîí
è÷÷è (g0, ξ, λ) ñ ïîñòîÿííîé ñêàëÿðíîé êðèâèçíîé s0 ìåòðèêè g0 ÿâëÿåòñÿ ýéí-
øòåéíîâûì. àññìîòðèì òàêîé æå ñîëèòîí â íåêîìïàêòíîì ñëó÷àå.
Ïóñòü ñêàëÿðíàÿ êðèâèçíà s0 ìåòðèêè g0 ñîëèòîíà è÷÷è (g0, ξ, λ) ÿâëÿåòñÿ
ïîñòîÿííîé âåëè÷èíîé. Íà îñíîâàíèè ðàâåíñòâà δ∆ = ∆δ (ñì. [2, ñ. 167℄) èç óðàâ-
íåíèé (2.2) âûâîäèì: ∆Hδω = δ(2Ric
∗
0ξ) ; ïðàâàÿ ÷àñòü îáðàòèòñÿ â íóëü, ïîñêîëüêó
∆δω = −∆div ξ = ∆(s0 + nλ) = 0 , è îäíîâðåìåííî äëÿ ïðàâîé ÷àñòè èìååì:
δ(2Ric∗0ξ) = −(2∇
kRkj)ξ
j − 2Rkj∇
kξj =
= −ξj∇js0 − Rkj(∇
kξj +∇jξk) = −Rkj(∇
kξj +∇jξk).
Â èòîãå ïðèõîäèì ê ðàâåíñòâó
Rkj(∇
kξj +∇jξk) = 0. (4.2)
Èç óðàâíåíèé ñîëèòîíà è÷÷è (2.3) íàõîäèì: Lξgij = −2(Rij+λgij) , ñ ó÷åòîì ýòîãî
èç (4.2) âûâîäèì, ÷òî
−2Rkj(R
kj + λgkj) = −2(‖Ric0‖
2 + λs0) = 0,
îòêóäà
λs0 = −‖Ric0‖
2 ≤ 0. (4.3)
Èç (4.3) ñëåäóåò, âî-ïåðâûõ, ÷òî íåíóëåâûå ïîñòîÿííûå λ è s0 èìåþò ðàçíûå çíàêè
è, âî-âòîðûõ, ÷òî ïðè λ = 0 èëè s0 = 0 ìåòðèêà g0 ñ íåîáõîäèìîñòüþ ñòàíîâèòñÿ
è÷÷è-ïëîñêîé. Ïðè÷åì â ïåðâîì ñëó÷àå âåêòîðíîå ïîëå ξ  èíèíèòåçèìàëüíàÿ
èçîìåòðèÿ, ÷òî î÷åâèäíî, à âî âòîðîì  èíèíèòåçèìàëüíàÿ ãîìîòåòèÿ, ïîñêîëü-
êó Lξg0 = −2λg0 .
Ñîãëàñíî òåõ æå óðàâíåíèé (2.3) èìååì: Rij = −2
−1Lξgij−λgij , è òîãäà èç (4.2)
ñëåäóåò, ÷òî ‖Lξgij‖
2 − 4λ(s0 + nλ) = 0 , îòêóäà
λ(s0 + nλ) =
1
4
‖Lξgij‖
2 ≥ 0. (4.4)
Åñëè òåïåðü ïðåäïîëîæèòü, ÷òî s0 > 0 , òîãäà èç (4.4) ïðè λ < 0 ñëåäóåò, ÷òî
0 < s0 ≤ n|λ| . Åñëè æå s0 < 0 è λ > 0 , òî èç (4.4) ñëåäóåò, ÷òî −nλ ≤ s0 < 0 .
Äîêàçàíà
Òåîðåìà 4.3. Ïóñòü (g0, ξ, λ)  ñîëèòîí è÷÷è íà ìíîãîîáðàçèè M
n (n ≥ 2)
ñ ìåòðèêîé g0 ïîñòîÿííîé ñêàëÿðíîé êðèâèçíû s0 . Åñëè s0 = 0 , òî ìåòðèêà g0
áóäåò è÷÷è-ïëîñêîé, à âåêòîðíîå ïîëå X0  èíèíèòåçèìàëüíîé ãîìîòåòèåé.
Åñëè æå s0 6= 0 , òî íåíóëåâûå λ è s0 èìåþò ðàçíûå çíàêè è ïðè ýòîì äëÿ ðàñ-
òÿãèâàþùåãîñÿ ñîëèòîíà èìååì −nλ ≤ s0 < 0 , à äëÿ ñòÿãèâàþùåãîñÿ ñîëèòîíà 
0 < s0 ≤ n|λ| .
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5. Ñîëèòîíû è÷÷è íà ïîëíîì íåêîìïàêòíîì
ðèìàíîâîì ìíîãîîáðàçèè
5.1. Ñ.Ò. ßó â ñòàòüå [15℄ ïîëó÷èë îáîáùåííóþ âåðñèþ òåîðåìû Ñòîêñà äëÿ
ïîëíîãî íåêîìïàêòíîãî n-ìåðíîãî ðèìàíîâà ìíîãîîáðàçèÿ (M, g) . Â êà÷åñòâå ïðè-
ëîæåíèÿ èì áûëî äîêàçàíî, ÷òî ñóáãàðìîíè÷åñêàÿ óíêöèÿ f òàêàÿ, ÷òî ∆f ≥ 0 ,
÷åé äèåðåíöèàë df èìååò èíòåãðèðóåìóþ íîðìó íà (M, g) , òî åñòü
∫
M
‖df‖ <∞ ,
ÿâëÿåòñÿ ãàðìîíè÷åñêîé. Èç ýòîãî óòâåðæäåíèÿ, â ÷àñòíîñòè, äëÿ ãðàäèåíòíîãî ñî-
ëèòîíà è÷÷è (g0, ξ, λ) ñ ñóáãàðìîíè÷åñêèì ïîòåíöèàëîì f ñëåäóåò, ÷òî ∆f = s0+
+nλ = 0 . Òîãäà èç (4.4) èìååì, ÷òî Lξg0 = 0 , è, ñëåäîâàòåëüíî, Ric = −λg0 . Òàêèì
îáðàçîì, ñïðàâåäëèâà
Òåîðåìà 5.1. Ïóñòü íà n-ìåðíîì (n ≥ 2) ñâÿçíîì ìíîãîîáðàçèè M çàäàí
ñîëèòîí è÷÷è (g0, ξ, λ) , êîòîðûé óäîâëåòâîðÿåò ñëåäóþùèì óñëîâèÿì:
1) ðèìàíîâî ìíîãîîáðàçèå (M, g0)  ïîëíîå íåêîìïàêòíîå;
2) âåêòîðíîå ïîëå ξ ÿâëÿåòñÿ ãðàäèåíòíûì ñ ñóáãàðìîíè÷åñêèì ïîòåíöèà-
ëîì f , ÷åé äèåðåíöèàë df èìååò èíòåãðèðóåìóþ íà (M, g0) íîðìó.
Òîãäà ñîëèòîí è÷÷è (g0, ξ, λ) ÿâëÿåòñÿ ýéíøòåéíîâûì.
Â ñòàòüå [16℄ áûëî äîêàçàíî óòâåðæäåíèå, âûòåêàþùåå èç îñíîâíîãî ðåçóëüòàòà
Ñ.Ò. ßó. À èìåííî, åñëè íà ïîëíîì íåêîìïàêòíîì n-ìåðíîì ðèìàíîâîì ìíîãîîá-
ðàçèè (M, g) çàäàíî âåêòîðíîå ïîëå ξ òàêîå, ÷òî íà (M, g) íîðìà ‖ξ‖ ÿâëÿåòñÿ
èíòåãðèðóåìîé óíêöèåé è div ξ íå ìåíÿåò ñâîé çíàê, òî div ξ = 0 íà (M, g) . Ïî-
ñêîëüêó äëÿ ñîëèòîíà è÷÷è div ξ = −(s0+nλ) , òî èç (4.4) âûâîäèì, ÷òî Lξg0 = 0 ,
è, ñëåäîâàòåëüíî, Ric = −λg0 . Èòàê, èìååò ìåñòî
Òåîðåìà 5.2. Ïóñòü íà n-ìåðíîì (n ≥ 2) ñâÿçíîì ìíîãîîáðàçèè M çàäàí
ñîëèòîí è÷÷è (g0, ξ, λ) , êîòîðûé óäîâëåòâîðÿåò ñëåäóþùèì óñëîâèÿì:
1) ðèìàíîâî ìíîãîîáðàçèå (M, g0)  ïîëíîå íåêîìïàêòíîå;
2) íîðìà ‖ξ‖ âåêòîðíîãî ïîëÿ ξ ÿâëÿåòñÿ èíòåãðèðóåìîé íà (M, g0) óíê-
öèåé;
3) s0 + nλ íà (M, g0) íå ìåíÿåò ñâîé çíàê.
Òîãäà ñîëèòîí è÷÷è (g0, ξ, λ) ÿâëÿåòñÿ ýéíøòåéíîâûì.
5.2. àññìîòðèì íà äâóìåðíîì ñâÿçíîì ìíîãîîáðàçèè M ãðàäèåíòíûé ñîëè-
òîí è÷÷è (g0, ξ, λ) , ãäå ξ = ω
♯
è ω = df äëÿ f ∈ C∞M . Òîãäà Ric0 = 2
−1s0g0 ,
ïðè÷åì â îáùåì ñëó÷àå s0 6= const . Äëÿ ãðàäèåíòíîãî ñîëèòîíà (g0, ξ, λ) óðàâíåíèÿ
(2.3) çàïèøóòñÿ â ñëåäóþùåì âèäå: ∇0∇0f = −(2−1s0 + λ)g0 , îòêóäà ñëåäóåò, ÷òî
∆f = 2(2−1s0 +λ) , ïîýòîìó óðàâíåíèÿ ãðàäèåíòíîãî ñîëèòîíà è÷÷è ïåðåïèøóòñÿ
ñëåäóþùèì îáðàçîì: ∇0∇0f = −2−1∆fg0 .
Èçâåñòíî (ñì. òåîðåìó 6.3 ãëàâû 1 ìîíîãðàèè [6℄), ÷òî ïîëíîå ðèìàíîâî ìíî-
ãîîáðàçèå (M, g) ðàçìåðíîñòè n ≥ 2 , äîïóñêàþùåå íåòðèâèàëüíîå ðåøåíèå óðàâ-
íåíèÿ ∇∇f = −n−1(∆f)g , êîíîðìíî ñåðå (n+1)-ìåðíîãî åâêëèäîâà ïðîñòðàí-
ñòâà. Ñëåäîâàòåëüíî, ìû ìîæåì ñîðìóëèðîâàòü ñëåäóþùèé ðåçóëüòàò.
Òåîðåìà 5.3. Åñëè íà äâóìåðíîì ñâÿçíîì ìíîãîîáðàçèè M ñóùåñòâóåò ãðà-
äèåíòíûé ñîëèòîí è÷÷è (g0, ξ, λ) ñ ïîëíîé ìåòðèêîé g0 è ñêàëÿðíîé êðèâèçíîé
s0 6= const , òî ðèìàíîâî ìíîãîîáðàçèå (M, g0) êîíîðìíî ñåðå 3-ìåðíîãî åâêëè-
äîâà ïðîñòðàíñòâà.
Çàìå÷àíèå. Èçâåñòíî (ñì. [14℄), ÷òî êàæäîå äâóìåðíîå êîìïàêòíîå ìíîãîîá-
ðàçèå ñî ñòÿãèâàþùèìñÿ ñîëèòîíîì è÷÷è, êîòîðûé, êàê èçâåñòíî, â ýòîì ñëó÷àå
ÿâëÿåòñÿ ãðàäèåíòíûì, èçîìåòðè÷íî ëèáî äâóìåðíîé ñåðå, ëèáî âåùåñòâåííîìó
äâóìåðíîìó ïðîåêòèâíîìó ïðîñòðàíñòâó.
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Summary
S.E. Stepanov, I.G. Shandra, V.N. Shelepova. Innitesimal Harmoni Transformations and
Rii Solitons.
A Rii soliton on a smooth manifold M is a triple (g0, ξ, λ) , where g0 is a omplete
Riemannian metri, ξ a vetor eld, and λ a onstant suh that the Rii tensor Ric0 of g0
satises the equation −2Ric0 = Lξg0 + 2λg0 . In the paper, we study the geometry of Rii
solitons in dependene of the properties of the vetor eld ξ . In partiular, we prove that this
vetor eld is a harmoni transformation.
Key words: Riemannian manifold, innitesimal harmoni transformation, Rii soliton.
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